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1 L2-Estimates for the ∂-Operator: The Density Lemma

1.1 The density lemma

In solving our ∂ problem, we have

L2(Ω, e−ϕ1)
T−→ L2

(0,1)(Ω, e
−ϕ2)

S−→ L2
(0,2)(Ω, e

−ϕ3).

We want to show that

‖f‖ϕ2 ≤ C(‖T ∗f‖2ϕ1
+ ‖Sf‖2ϕ3

), ∀f ∈ D(T ∗) ∩D(S).

We had the following lemma:

Lemma 1.1 (Density lemma). Let (ην) be a sequence in C∞0 (Ω) such that 0 ≤ ην ≤ 1 and
such that for any compact K ⊆ Ω, ην = 1 on K for all large ν. Assume that

e−ϕj+1 |∂ην |2 ≤ Ce−ϕj , ∀ν, j = 1, 2.

Then C∞0,(0,1)(Ω) is dense in D(T ∗) ∩D(S) with respect to the graph norm.

Proof. Step 1: Suppose f ∈ D(T ∗) ∩D(S) has compact support. Approximate by f ∗ ψε,
where ψε(z) = ε−2nψ(z/ε) and ψ ∈ C∞0 .

Step 2: Let f ∈ D(T ∗) ∩ D(S). We claim that ηjf ∈ D(T ∗) ∩ D(S). To show that
ηjf ∈ D(S),

∂(ηjf) = ηj ∂f︸︷︷︸
∈L2

ϕ3︸ ︷︷ ︸
∈L2

ϕ3

+ ∂ηj ∧ f︸ ︷︷ ︸
∈L2

ϕ3

.

To show that ηjf ∈ D(T ∗), consider for u ∈ D(T ),

〈Tu, ηjf〉ϕ2
= 〈ηjTu, f〉ϕ2
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Observe that ηjTu = ηj∂u = ∂(ηju)− u∂ηj , where ηju ∈ D(T ).

= 〈T (ηju), f〉ϕ2
−
∫
u
〈
∂η, f

〉
e−ϕ2

= 〈u, ηjT ∗f〉ϕ1
−
〈
u, eϕ1−ϕ2

〈
∂η, f

〉〉
ϕ1
.

So
T ∗(ηjf) = ηjT

∗f − e−ϕ1−ϕ2
〈
∂η, f

〉
.

We now check that ηjf → f in the graph norm.

1. ηjf → f in L2
ϕ2

: This follows by the dominated convergence theorem.

2. S(ηjf)→ Sf in Lϕ3 : We have

S(ηjf) = ∂(ηjf) = ηj Sf︸︷︷︸
∈L2

ϕ3︸ ︷︷ ︸
→Sf in L2

ϕ3

+ ∂ηj ∧ f︸ ︷︷ ︸
→0 in L2

ϕ3

So we get that ∫
|∂ηj |2e−ϕ3︸ ︷︷ ︸
≤e−ϕ2

|f |2 → 0

by the dominated convergence theorem.

3. T ∗(ηjf)→ T ∗f in L2
ϕ1

is similar.

1.2 Applying the lemma

Now let ψ ∈ C∞(Ω) be given by the locally finite sum

eψ = 1 +

∞∑
ν=1

|∂ην |2.

Let ϕj = ϕ + (j − 3)ψ for j = 1, 2, 3 (ϕ is to be chosen). With this choice of weights, we
can satisfy the hypotheses of the density lemma.

We will now study our estimate

‖f‖2ϕ2
≤ C(‖T ∗f‖@ϕ1

+ ‖Sf‖2ϕ2
), f ∈ C∞0 .

Recall the formula for T ∗:

T ∗f = −eϕ1

∞∑
j=1

∂zj (fje
−ϕ2) = −eϕ−2ψ

∞∑
j=1

∂zj (fje
ψ−ϕ).
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Then

eψT ∗f = −
∑

δjfj −
∑

fj∂zjψ, δj := ∂zj − ∂zjϕ.

Here, −δj is the adjoint of ∂zj in L2
ϕ.

Consider

‖T ∗f‖2ϕ1
=

∫
|T ∗f |2e−ϕ+2ψ = ‖eψT ∗f‖ϕ.

Then, using Cauchy-Schwarz or the triangle inequality,∥∥∥∑ δjfj

∥∥∥2
ϕ

= ‖eψT ∗f + 〈f, ∂ψ〉 ‖2ϕ

≤ 2‖T ∗f‖2ϕ1
+ 2

∫
|〈t, ∂ψ〉|2e−ϕ.

Compute ‖Sf‖2ϕ3
:

Sf = ∂f =
∑
j<k

(
∂dk
∂zj
− ∂fj
∂zk

)
dzj ∧ dzk.

So

‖Sf‖2ϕ3
=
∑
j<k

∫ ∣∣∣∣∂fk∂zj
− ∂fj
∂zk

∣∣∣∣2 e−ϕ
=

1

2

∑
j,k

∫ ∣∣∣∣∂fk∂zj
− ∂fj
∂zk

∣∣∣∣2 e−ϕ
=

∫ ∑
j,k

∣∣∣∣∂fk∂zj

∣∣∣∣2 e−ϕ −
∑

j,k

∂fj
∂zk

∂fk
∂zj

 e−ϕ

Add ‖Sf‖2ϕ3
to both sides of the inequality. We get the following estimate:∥∥∥∑ δjfj

∥∥∥2
ϕ
−
∑
j,k

〈
∂zkfj , ∂zjfk

〉
ϕ
≤ 2‖T ∗f‖2ϕ1

+ 2

∫
|〈f, ∂ψ〉|2e−ϕ + ‖Sf‖2ϕ3

.

The main point of the argument is that

〈δjfj , δk, fk〉ϕ −
〈
∂zkfj , ∂zjfk

〉
ϕ

= −〈∂zkδjfj , fk〉ϕ +
〈
δzj∂zkfj , fk

〉
ϕ

=
〈
[δzj , ∂zk ]fj , fk

〉
ϕ
.
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The commutator equals

[∂zj − ∂zjϕ, ∂zk ] =
∂2ϕ

∂zj∂zk
.

So the lower bound becomes ∫ ∑
j,k

∂2ϕ

∂zj∂zk
fjfke

−ϕ,

where ∂2ϕ
∂zj∂zk

is the Levi form of ϕ(f). Now we can choose ϕ to be plurisubharmonic.

We will conclude our discussion next time.
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