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1 [L’-Estimates for the 0-Operator: The Density Lemma

1.1 The density lemma

In solving our O problem, we have
LA, e Do L2 ) (Q,e792) 2 L2, (Q,e7%%).
We want to show that
1 fllge < CUT FIZ, +ISFIZ,),  Yf € D(T*) N D(S).

We had the following lemma:

Lemma 1.1 (Density lemma). Let (1) be a sequence in C5°(2) such that 0 <n, <1 and
such that for any compact K CQ, n, =1 on K for all large v. Assume that

e fon P <Ce¥,  Vrj=12
Then Cg3o 1)(9) is dense in D(T*) N D(S) with respect to the graph norm.

Proof. Step 1: Suppose f € D(T*) N D(S) has compact support. Approximate by f * 1.,
where 1. (z) = e 2" (z/e) and ¥ € C§°.
Step 2: Let f € D(T*) N D(S). We claim that 7n;f € D(T*) N D(S). To show that
n;f € D(S), N -
on;f)=mnj Of +0n; A f.
N~ =
€L, eLa3
—— ’
Iz,

To show that n; f € D(T™), consider for u € D(T),

<TU, ’r]jf>§02 = <77]T’LL, f><p2



Observe that n;Tu = n;0u = d(nju) — udn;, where n;u € D(T).

— (L)1), ~ [ u@n e
— (u,an*f>so1 — <u, ePr—¥2 <577,f>>§01 .

So
T (nif) =nT*f —e 1792 (O, f).
We now check that n;f — f in the graph norm.

1. njf = fin L5202: This follows by the dominated convergence theorem.

2. S(mjf) = Sfin Ly,: We have

S(nif) =0n;f) = ﬁjff/ + O A f

€LZ, —0in L2
i 2
—Sfin ng

3

So we get that
[ P o
—
<e~¥2

by the dominated convergence theorem.

3. T*(n;f) = T*f in Lal is similar. O

1.2 Applying the lemma
Now let 1) € C*°(Q2) be given by the locally finite sum
eV =1+ Z |On, 2.
v=1

Let ¢; = ¢+ (j —3)¢ for j =1,2,3 (¢ is to be chosen). With this choice of weights, we
can satisfy the hypotheses of the density lemma.
We will now study our estimate

* Q o)
£, < CUT* fllg, + ISFIZ,),  feCs.

Recall the formula for T%:

T*f = —eh 30, (fre ) =~ S0, ().

j=1 j=1



Then
ewT*f = — Z5jfj - Z fjazjﬂ), (5]' = 82], — 8Zj<p.

Here, —d; is the adjoint of 05, in L?O.
Consider

A N e
Then, using Cauchy-Schwarz or the triangle inequality,
2 ik 2
|30t = evrs + (0012
<27 fI, + 2 [ [it.00) .

Compute ||Sf\|§,sz

So

ofs  0f;|°

0z; 0z
_ Z of; Ofr o
0z 0%,

Add ||Sf H?DS to both sides of the inequality. We get the following estimate:

:2%/

3fk

|S o - 3 (05 ), < 2T A1 42 [1ts.00Pe + 5512,
s

The main point of the argument is that

(055, 0k fi), — <65kfj>8?jfk><p = (02,0, f5, fr), + <5zj&zkfj>fk>@
- <[5Zj782k]fj7fk>‘p‘



The commutator equals
0%
8zj 0zy, '

0%
ff.fke—w,
/%}; 82]82k J
[%)

aQQaEk is the Levi form of ¢(f). Now we can choose ¢ to be plurisubharmonic.

[azj - azjgpv a?k] =

So the lower bound becomes

where
We will conclude our discussion next time.
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